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Abstract. We consider the problem of quantum behavior in the finite 
f^ ■ background. Introduction of continuum or other infinities into physics 

leads only to technical complications without any need for them in de- 
ri . scription of empirical observations. The finite approach makes the prob- 

O ,' lem constructive and more tractable. We argue that quantum behavior 

is a natural consequence of symmetries of dynamical systems. It is a re- 
f*^ ■ suit of fundamental impossibility to trace identity of indistinguishable 

C^ ' objects in their evolution — only information about invariant combina- 

^ , tions of such objects is available. We demonstrate that any quantum dy- 

^ '■ namics can be embedded into a simple permutation dynamics. Quantum 

phenomena, such as interferences, arise in invariant subspaces of permu- 
fvj , tation representations of the symmetry group of a system. Observable 

^ ' quantities can be expressed in terms of the permutation invariants. 
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Unitary operators in Hilbert spaces — in fact, unitary representations of some 
symmetry groups — lie in the core of mathematical descriptions of quantum 
phenomena. We can assume finiteness of these groups without any risk to de- 
stroy the physical content of the problem, since metaphysical choice between 
''''finite''' and ^'infinite^^ can not lead to any empirically observable consequences. 
Moreover, there are strong experimental evidences that finite groups of relatively 
small orders underlie some fundamental physical processes [13I7I11I5I6I1I15I2J . 
These evidences come mainly from the flavor physics, especially in the lepton 
sector. The origin of these small groups is unclear in the context of currently 
accepted theories like, e.g., the Standard Model. 

Let us recall some standard facts from the group theory [4]: 

— Any linear representation of a finite group G = {gi, . . . , givi} is unitary. 

— Any irreducible representation is contained in the regular representation — 
matrix version of permutation action of the group G on its elements. 

— Any set f2 = {wi, . . . ,aj|\i} on which G acts transitively by permutations is 
equivalent to a set of coscts of some subgroup in G. 



Combination of these facts leads to the conclusion that any quantum prob- 
lem with evolution operators U(g,;) belonging to a representation U of G in K- 
diniensional Hilbert space "Hk can be reduced to permutations of N > K things. 
If N > K then the permutation representation P in N-dimensional Hilbert space 
Hn has the structure P = 1 © U © V. Additional ^'hidden parameters'^ appear- 
ing due to increase of Hilbert space dimension in no way can effect on the data 
relating to the space Hk since both this space and its complement are invariant 
subspaces in 'Hn. Quantum phenomena, such as, e.g., destructive interference^ 
can be observed in proper invariant subspaces of the representation P. More 
detailed examination — starting with the fact that all eigenvalues of group rep- 
resentations arc roots of unity — leads to the conclusion that in "finite" quantum 
formalism the field of complex numbers should be replaced by some extension J^ 
of rational numbers with abelian Galois group. This extension depends on the 
structure of underlying group G. The field J^ is a subfield of some cyclotomic field 
(the Kronecker- Weber theorem). Hermitian operators describing observables in 
quantum formalism are elements of representation of group algebra over T. All 
ingredients of quantum theory — like, e.g., the Heisenberg uncertainty principle 
— are obtained in the standard way. Observable data in the space Hk can be 
expressed in terms of permutation invariants relating to the space 'H|\|. 

The permutation representation P makes sense in the N-dimensional module 
Hn over the semi-ring N = {0, 1,2,.. .} of natural numbers. Introduction of Hn 
is equivalent to prescribing natural weights {^^multiplicities of occurrences" or 
'^population numbers" ) to the elements of underlying set f2. The Hilbert space 
Him is derived from Hn by extending the semi-ring N to the field J-. If quantum 
amplitudes in "Hk are obtained as projections of "natural" vectors from Hn C 
Hnj then the Born probabilities in "Hk appear to be rational numbers. This 
is compatible with the frequency interpretation of probability for finite sets: 
the probability is the ratio of singled out combinations to the total number of 
combinations under consideration. The interpretational issues like ''wave function 
collapse" , "many-worlds" , "many-minds" etc. lose any meaning in the finite 
background. The quantum phenomena arise as manifestation of fundamental 
impossibility to trace identity of indistinguishable objects in their evolution — 
only information about invariant combinations of such objects is available. 



2 Basic Structures 

We consider evolution of dynamical systems in the discrete time T . We will 
assume that T = Z or T = [0, 1, . . . , T] for some T e N. 

Classical states of dynamical system form a finite set f2 ~ {oji, . . . ,a;N} of 
some entities. Classical evolution or trajectory of the dynamical system is a 
sequence . . . ,uJt-i,ujt,uJt+i, ... € H^ . We assume the existence of a symmetry 
group G = {gi, . . . , givi} < Sym (j7) acting on the entities f2. 

We will argue that quantum evolution can be defined as a sequence of per- 
mutations . . .pt-i,pt,Pt+i • ■ -7 where pt ~ Qot is the permutation of the set Q 
by a group element at e G. A natural condition here is that at any moment 



t only information on invariant combinations of elements from Q is available, 
whereas the permutation pt itself is unobservable. More precisely, the informa- 
tion about arrangement of elements from i? corresponding to pt does not make 
sense without a "reference frame" (or "observer"). 

In physics the set f2 usually has a special structure of a set of functions 

n = u^ (1) 

on a space X = {xi, . . . , xixi } with values in a set U — {cri, . . . , (Ti^i } of local 
states. 

We assume that both the space X and the local states S possess nontrivial 
groups of space F = {fi, . . . , f|F| } < Sym (X) and internal F = {71, . . . , 7|/-| } < 
Sym (S) symmetries, respectively. In principle, the most general symmetry group 
G for the set of states having form ([T|) can be computed with the help of modern 
algorithmfo. Of course, this might be combinatorially difficult task. However, 
we can easily construct some group G directly from the groups F and F. The 
construction — generalizing what is used in physical theories — is the following 
equivalence class of split extensions 

l^F^^G^f^l, (2) 

where F^ is the group of P-valued functions on the space X. Any equivalence 
class is determined by an antihomomorphism p, : F — >■ F. The term 'antihomo- 
morphism' means that ij.{ab) = fi{b)fi{a) for a,b E F. For example, choosing the 
trivial pi{a) = 1 and the natural ^{a) — a^^ antihomomorphisms we obtain, 
respectively: 

— the direct product G = F^ x F (this is the standard choice in physical theories) 

— the wreath product G = Fix F = F^ x F ( xi stands for the semidirect product). 

In [10] we gave explicit formulas for group operations in G defined by ^ in 
terms of operations in F and F . 

An important property of dynamical systems with spaccis the presence of 
non-trivial gauge connections. The gauge structures lead to observable phys- 
ical consequences: the curvatures of non-trivial connections describe forces in 
physical theories. Another important topic involving the space structure is the 
spin/statistics relation. On the other hand there are many problems, for example, 
quantum computing, where any underlying space is inessential. 



3 Finite Quantum Models 

As is well known, all approaches to quantization are equivalent to the tradi- 
tional matrix formulation of quantum mechanics where the evolution of a sys- 
tem from an initial to a final state is described by an evolution matrix U: 



^ The algorithm designed by B. McKay [T2] is considered as tlie most efficient to 
date. Its main target are graphs, but its universal scheme can be adjusted without 
excessive efforts for computing symmetries of other combinatorial structures. 



lipo) -^ |'0t) = U\ipo)- The evolution matrix of a quantum dynamical system 
can be represented as the product of matrices corresponding to elementary time 
steps: U = Ut^t-1 ■ ■ ■ Ut^t-i ■ ■ 'Ui^a. We will follow the evolution matrix 
approach throughout this paper. 

The main ingredients of the standard quantum mechanics are the following: 

1. Quantum description deals with unitary operators U acting in a Hilbert space 
7i over the field of complex numbers C The elements \ip) & fi oi the space 
are called "states^\ ^^state vectors^\ ^^wave functions^\ "amplitudes^' etc. The 
operators U belong to the general unitary group Aut (H) acting in H. 

2. Quantum mechanical particles are associated with unitary representations 
in H of some symmetry groups. The representations are called "singlets'' , 
"doublets" , "triplets" etc. in accordance with their dimensions. The multi- 
dimensional representations describe spin 

3. Quantum mechanical evolution is an unitary transformation of the initial 
state vector lipm) into the final \ipout) = U |V'm)- In the continuous time, an 
elementary step of evolution is described by the Schrodinger equation 

where _ff is a Hermitian operator called energy operator or Hamiltonian. 

4. Quantum mechanical experiment (observation, "measurement") is a com- 
parison of the state \ip) of a system with the state \(j)) of an apparatus. 

5. In accordance with the Born rule, the probability P((/), ip) to register a particle 

I /w^ I / \ l'^ 

described by \ip) by apparatus tuned to 1^) is equal to y— rTTTTn — TT- 

(0 \(j)}{ij;\iP} ^ 

6. Quantum observables are described by Hermitian operators acting in the 
Hilbert space H. 

Our aim is to reproduce all this in the constructive finite background. Our strat- 
egy — in accordance with the Occam principle — will be to avoid introduction of 
entities unless we really need them. Keeping these lines wc come to the following: 

1'. The Hilbert space H over the field C should be replaced by a K-dimensional 
Hilbert space T-Lk over an abelian number field T — an extension of the ra- 
tionals Q with an abelian Galois group [14j . The unitary operators U belong 
now to an unitary representation U of a finite group G = {gi, . . . , gMJ in the 
space Hk- The field J^ is determined by the structure of the group G and its 
representation U. 

2'. The notion of quantum particle remains the same as in the standard quantum 
mechanics. 

3'. It is clear that now we have only finite number of possible evolutions: 

C/, e{U(gi),...,U(g,),...,U(gM)}. 

Obviously we do not need any analog of the Schrodinger equation at all. 
Though formally one can always introduce Hamiltonians by the formula 



Hj ^ ilnUj = ^ \kU^, where p is period of Uj (i.e., mininial p > such 

fc=0 

that f/? = I), Afc's are some coefficientfo. 
4'. The notion of observation remains without changes. 
5'. The formula for Horn's probabihty remains the same 

But some conceptual refinement is needed. In the finite background the only 
reasonable interpretation of probability is the frequency interpretation: the 
probability is the ratio of the number of singled out combinations to the 
total number of combinations under consideration. So we expect that if all 
things are arranged correctly, then formula ([3|) must give rational numbers. 
We will use this as a guiding principle. 
6'. Hermitian operators describing observables in quantum formalism can be 
expressed in terms of the group algebra representation: 



A = ^akV{gk). 



k=l 

Of course, to provide hermiticity appropriate conditions should be imposed 
on the coefficients ak- 

Note that other elements of the quantum theory are obtained in the finite back- 
ground in the standard way. For example, as is well known, the Heisenberg 
uncertainty principle follows from the Cauchy-Bunyakovsky-Schwarz inequality 

{AiP I AiP) {BiP I Bip) > \{Ail; \ BiP)\^ . (4) 

In fact, in our consideration we deal with the Cauchy inequality — two oth- 
ers extended ^ to the continuous case. Obviously, the Cauchy inequality is 
equivalent to the standard property of any probability P(j4V', B^})) < 1. 



4 Permutations, Representations and Numbers 

All transitive actions of a finite group G = {gi,. . .,gM} on finite sets can easily 
be described [4]. Any such set i? = {wi,. . .,a;M} is in one-to-one correspondence 
with a set of right H\G (or left G/H) cosets of some subgroup H < G. The set 
f] is called a homogeneous space of the group G (G- space for short). Action of G 



^ These coefficients contain the non-algebraic element tt which is an infinite sum of 
elements from T. In other words, the Afc's are elements of a transcendental extension 
of J^ — the logarithmic function is essentiaUy a construction from the continuous 
mathematics dealing with infinities. 



on Q is faithful^ if the subgroup H does not contain normal subgroups of G. We 
can write the action in the form of permutations 

"("''C";)-^®' S.»eG, ,.1 N, (5) 

or, equivalently, in the form of matrix with entries and 1 

iT{g) ^ P(g) ^ (P(5)^,) , where ¥{g),, = S^^g^^r, iJ^l,...,N. (6) 

Here Sa^p is the Kronecker deha on i?. Mapping ^ is caUed the permutation 
representation. 

Maximal transitive set il is the set of all elements of the group G itself, i.e., 
the set of cosets of the trivial subgroup H = {!}. The corresponding action 
and matrix representation are called regular. One of the central theorems in the 
representation theory states that any irreducible representation of a finite group 
is contained in the regular representation. 

Representation ([6]) makes sense over any number system with and 1. A very 
natural number system is the semi-ring of natural numbers N = {0, 1,2,...}. 
With this semi-ring we can attach counters to elements of the set i7. These coun- 
ters (natural numbers) can be interpreted as ^^multiplicities of occurrences" or 
^^population numbers" of elements uii in the state of a system involving elements 
from fi. Such state can be represented by the vector with natural components 

\n) = M • (7) 

Thus, we come to the representation of the group G in an N-dimcnsional module 
Hn over the semi-ring N. Representation ^ when applied to vector ^ simply 
permutes its components. For further development we can turn the module Hm 
into an N-dimensional Hilbert space Hn by extending N to some field. 

The main field in the theory of representations (and hence in the quantum 
mechanics) is the field of complex numbers C. The reason for this choice is simple: 
the field C is algebraically closed, so no complications can be expected in solving 
characteristic equations and, hence, in the whole linear algebra. However, the 
field C is excessively large — most of its elements are non-constructive. So let 
us consider the problem more carefully. 

First of all, we do not need to solve arbitrary characteristic equations: any rep- 
resentation is subrepresentation of some permutation representation, and eigen- 
values of any permutation representation are roots of unity. This is clear from 
the easily calculated characteristic polynomial of permutation matrix ^ 

XP(,) (A) = det (P(.g) - AI) = (A - 1)'^ (A^ - l)'^^ ... (A" - 1)'" , 

where ki is the number of cycles of the length i in permutation ^ . To provide 
unitarity of representations we use square roots of their dimensions as normaliz- 
ing coefficients. In fact, all irrationalities (square roots of natural numbers and 
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roots of unity) are elements of the same nature — they are cyclotomic integers, 
i.e., combinations of roots of unity with integer coefficients (that can be made 
natural by using appropriate identities for roots of unity) . 

Thus, the basic elements of the number system, we are going to construct, are 
natural numbers and linear combinations (with natural coefficients) of roots of 
unity of some degree V depending on the structure of the group G. This degree is 
called conductor. Starting with these basic elements, via standard mathematical 
derivation, we come to a minimal abelian number field J- containing these basics. 
In particular, such field can be computed with the help of the computer algebra 
system GAP 1^. The command FieldC^ens) of this system returns the smallest 
field that contains all elements from the list of irrationalities gens. The field J- 
can be embedded into the field C, but we do not need this possibility. Purely 
algebraic properties of T are sufficient for all manipulations in the Hilbert space 
"Kn and its subspaces. 

All irrationalities are intermediate elements of quantum description that dis- 
appear in the final expressions for quantum observables — this is a refinement 
of the usual relationship between the complex and real numbers in the standard 
quantum mechanics: the intermediate values may be complex whereas the final 
observables are to be real. 

5 Embedding Quantum System into Permutations 

It follows from the above that any K-dimensional representation U can be ex- 
tended to an N-dimcnsional representation U in a Hilbert space 'Hn, in such 
a way that the representation U corresponds to the permutation action of the 
group G on some N-element set of entities f2 = {coi, . . . ,ujt^}. This means that 
rp-iprp _ u^ where P is permutation representation ^ and T is a transforma- 
tion matrix. It is clear that N > K. 

The case when N is strictly greater than K is most interesting. In this case 
the representation has the following structure 



T-ipT= u =ieu®v. 




Here 1 is the trivial one-dimensional representation — an obligatory component 
of any permutation representation. The component V may be empty. 

Clearly, the additional "hidden parameters" — appearing due to increase of 
the number of dimension of space in the case N > K — in no way can effect on 
the data relating to the space Hk since both Hk and its complement in Hn are 
invariant subspaces of the extended space Hm- Thus, any quantum problem in 
K-dimcnsional Hilbert space can be reformulated in terms of permutations of N 
things. 

With the trivial assumption that the components of state vectors are arbi- 
trary elements of the underlying field T, we can set arbitrary (e.g., zero) data 
in the subspace 'Hn-k complementary to Hk- In this case we come — up to 



the physically inessential difference between ^^finite" and ^'infinite^^ — to the 
standard quantum mechanics reformulated in the terms of permutations. 

We can drop this assumption and give more natural meaning to quantum 
amplitudes. Let us represent the (quantum) states of the system and apparatus 
in the permutation representation by the natural vectors 

and \m) ~ 

respectively. In accordance with the Born rule the probability to fix the system 
state |n) by apparatus tuned to \m) is 

P(m,.)= ^^-7y^\ . (8) 

Y.^ "^»2 Ei rl^^ 

It is clear that for non- vanishing natural vectors \n) and \m) expression Q is 
a rational number strictly greater than zero. This means, in particular, that it 
is impossible to observe destructive quantum interference here. However, the 
destructive interference of the vectors with natural components can be observed 
in the proper invariant subspaces of the permutation representation. Wc will 
demonstrate this by a simple example. 

6 Illustrative Example: Group S3 

S3 is the smallest non-commutative group. Nevertheless, S3 has important appli- 
cations in physics. In particular, it describes the so-called tribimaximal mixing 
in the neutrino oscillations |5l6j . The group consists of six elements having the 
following representation by permutations 

gi = 0, g2 = (2, 3), g3 = (1, 3), g4 = (1, 2), g5 = (1, 2, 3), g6 = (1, 3, 2) . 

The group can be generated by many pairs of its elements. Let us choose, for 
instance, g2 and gg as generators. S3 decomposes into the three conjugacy classes 

Ki = {gi} , K2 = {g2, g3, g4} , K3 = {g5, ge} . 

The group S3 has the following character table (a compact form to register all 
irreducible representations) 





Ki K2 K3 


Xi 

X2 
X3 


1 1 1 

1 -1 1 

2 0-1 



In accordance with the physical tradition, we will denote irreducible representa- 
tions by their dimensions in bold. Thus, we have here three irreducible represen- 
tations 1, 1' and 2 (the last is the only faithful). For permutation representations 



playing an important role in this paper we will use analogous notation with ad- 
ditional overline. 

Matrices of permutation representation of generators are 




The eigenvalues of P2 and Pg arc (1,1,-1) and (l,r,r^), respectively; r is a 
primitive 3'^ root of unity satisfying to the cyclotomic polynomial <?3 (r) = 1 + 
r + r^. 

Since (as is was mentioned above) any permutation representation contains 
one-dimensional invariant subspace with the basis vector (1, . . . , 1) , the only 
possible structure of decomposition of permutation representation into irre- 
ducible parts is 3 = 1 © 2 or in the explicit matrix form 

^^ = (5^,)' ^• = l'---'6, (9) 

where the matrices Uj are elements of the faithful representation 2. 

To construct decomposition ([9]) we should determine matrices Uj and T such 
that Uj = T^^PjT. Additionally we impose unitarity on all the matrices. Clearly, 
it suffices to perform the procedure only for matrices of generators. There are dif- 
ferent ways to construct decomposition (|9]) . If we start with the diagonalization 
of Pq, we come to the following 



10)' ^5^(0 rj' ^«= (or2 



The transformation matrix (up to inessential degrees of freedom for its entries) 
takes the following form 



(10) 



The information about "quantum behavior" is encoded, in fact, in transfor- 
mation matrices like (1101). 





(ni\ /mi\ 

712 and \m) = TO2 be system and apparatus state vectors in 

the "permutation" basis. Transformation of these vectors from the permutation 



to "quantum" basis with the help of PH)) leads to 

ni + 7i2 + n^ 

mi + m2 + ms 
T~^ |m) = — ^ I mi + m2r + msr^ 
ymir + m2 + msr^ 

Projections of the vectors onto two-dimensional invariant subspace are: 



_ J_ fni + ?i2r + «3r^\ in _ J_ fm-i + m2r + msP 



Constituents of Born's probability ^ for the two-dimensional subsystem are 

(V'IV') = Q3(n,n)-iL3(n)^ (11) 

((/>|0)-Q3(m,m)-iL3(mf , (12) 

|('^IV')|'= fQ3(m,n)-iL3(m)L3(n)') , (13) 

N N 

where Ln (n) ~ '^ rii and Qn {m,n) — ^ m-^ni are linear and quadratic per- 

mutation invariants, respectively. 
Note that: 

1. Expressions (|lip - (|13p are combinations of the invariants of permutation rep- 
resentation. 

2. Expressions pT|) and p^ are always positive rational numbers for \n) and 
|m) with different components. 

3. Conditions for destructive quantum interference — vanishing Born's proba- 
bility — are determined by the equation 

3 (miTT-i + m2n2 + m3ri3) — (m,i + m,2 + m3) (rii + n2 + n^) = 0. 

This equation has infinitely many solutions in natural numbers. An example 

of such a solution is: |n) = 1 , |m) = 3 

Thus, we have obtained essential features of quantum behavior from "permu- 
tation dynamics" and "natural" interpretation ([7]) of quantum amplitude by a 
simple transition to invariant subspaces. 
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Any permutation representation contains (N — l)-diniensional invariant sub- 
space. The inner product in this subspace can be expressed in terms of the 
permutation invariants by the formula 

(0 1 ?/>) = QiM (m, n) - — Ln (to) Lm (n) . 

1 2 1 ^ 

The identity Qn {n, n) — — Ln [n) = -—r y (Ln (n) — Nn^) shows cxphcitly 

i=l 

that {ip\ip) > for \n) with different components n,;. This inner product docs 
not contain irrationahties for natural In) and I to,). 



7 Icosahedral Group A5 

The icosahedral group A5 — the smallest (it consists of 60 elements) simple non- 
commutative group — plays an important role in mathematics and applications. 
F. Klein devoted a whole book to it j8]. In the physical literature the group is 
often denoted as £'(60). This group has a "physical incarnation": the fullerene 
Ceo carbon molecule ( "buckyball" ) has the structure of the Cayley graph of A5 
(see Fig. [Ij. This is clear from the following presentation of A5 by generators 
and relators (products of generators that are equal to the group identity) 



A5 = 



(a,6|a^6^(a6)=^). (14) 



Let us consider the action of A5 on the set /?i2 of icosahedron vertices. This 
action is transitive but imprimitive, i.e., there is non-trivial partition of i?i2 
invariant under the action. This partition — called system of imprimitivity (or 
block system) — is the following 

{|Bi|...|i?,|---|B6|}^{|l,7|---h,* + 6|...|6,12|} 

where, the vertex numbering of Fig. [2] is assumed. Each block _B,; is a pair of 
two opposite vertices of the icosahedron and A5 permutes the blocks amongst 
themselves as whole entities. We shall denote the correspondence ("complemen- 
tarity" ) between opposite vertices by the symbol '^, i.e., if Bi = {p, q} then q = p'^ 
and p = q'^. For the vertex numbering depicted in Fig. [2] the complementarity 
can be expressed by the formula p'^ = 1 + (p + 5 mod 12). 

The permutation representation of the action of A5 on the vertices of icosa- 
hedron has the following decomposition into irreducible components 

T2 ^ 1 ® 3 © 3' ® 5 or T^^ (T2) T=:l®3®3'©5. (15) 

Note, that the group A5 has three primitive actions on sets with 5, 6 and 10 
elements. The corresponding permutation representations have the following de- 
compositions 

5 = 1® 4, 6=1® 5, 10^1®4®5. 
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Fig. 1. The Cayley graph of A5. The pentagons, hexagons and the hnks connecting 
adjacent pentagons correspond to the relators a^, (ab) and 6^ in presentation (|14p . 
respectively. 




Fig. 2. The icosahedron. Pairs of opposite vertices form the system of imprimitivity. 
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With the notations 

, 1 + V5 



the "golden ratio'', a 



10 - 2V5, 



f -f . -f -f 



„ V5v/lO-2V5 
20 '^ 

a particular form of unitary transformation matrix T from (|15p can be written 
as 



T 



/^ « /3 « /3 i -i 
^0 a /3 -/3 a -| -i 
^ (3 a -a-/3^ 



^\ 



a 



P 
^ -a /3 /3 
^ /3 -a 
^ -a /3 a -/? ^ 



^ -a -^ - 



i -( 



a 



\^ -/3 -a 



4 
1 

4 

-^ 

a /3 V 



-(3 
-a 
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-/3-/3 
^ -/3 a a -/3 

^a-/3 0-a/3 i 5 u u^ 

a -I i 7 

-a /3 ^ i <S 

« _« o 1 1 



-i (5 

a -| i 

^ i <5 

i ^ 



"2 

-00 ^^ 

2 12 

-i ^^ 

2 " " 12 

-i 



7 



-^ '5 



/ 



Note that the standard computer algebra systems like Maple or Mathematica 
can not handle such matrices since they can not simplify complicated expressions 
with irrationalities (especially with nested roots) properly. But if one rewrites the 
matrix entries as elements of suitable abelian number field T, then the problem 
of simplification is reduced to a simple one- variable polynomial algebra modulo 
corresponding cyclotomic polynomial. 

The inner products in the invariant subspaces can be expressed in terms of 
permutation invariants as follows: 



{•Pi I ^1) 
{^3 I ^'s) 

(<?3' I ^3') 
(<?5 I ^5) 



— L12 (to) L12 (n) ^ 



(16) 



— (^5Qi2 (to, n) - 5A (to, n) + Vs (B (to, n) - C (to, n))j , (17) 
^ (5Q12 (to, n) - 5A (to, n) - ^/5 (B (to, n) - C (to, n))) , (18) 
— T (5Q12 (to, n) + 5A (ttt,, 71) — B (jti, 71) — C (771, n)) , (19) 
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where 
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A(m,ri) = A(n,m) = ^TOfcrifco, (20) 

fe=i 

12 

B(TO,n) = B(n,m) = ^mfe ^ rii, (21) 

fe=l i6N(fc) 
12 

C (to, n) = C (n, m) = >, "T-fc /,'^i- (22) 

In formulas ((2T|) and ([22]) N (fc) denotes the "neighborhood" of the icosahedron 
vertex k, i. e., the set of vertices adjacent to k. For example, N (1) = {2, 3, 4, 5, 6} 
in Fig. [2] Quadratic invariants (f20| -(|22 l) are not independent. There is an iden- 
tity among them: 

A (m, n) + B (to, n) + C (m, n) + Q12 (to, n) = L12 (m) L12 (n) . 

Inner products (|17p and (fT8|) lead to the mentioned above conceptual difficulty 
with probability when considered separately. Born's probabilities computed sep- 
arately for the representations 3 and 3' contain irrationalities. This contradicts 
the frequency interpretation of probability for finite sets. Of course, this is a 
consequence of the imprimitivity: one can not move a vertex of the icosahedron 
without simultaneous moving of its complement in the block. To resolve the 
contradiction we should consider the complementary representations 3 and 3' 
together. The inner product for the representation 3 © 3' takes the form 

(^3e3' I 5^303') = 2 (Q12 {m, n)~A (to, n)) . 

This inner product always gives rational Born's probabilities for vectors with 
natural "population numbers" . 

Conclusions 

Let us summarize the main ideas of the paper 

1. Quantum mechanics is, in fact, an a priori mathematical scheme based on 
the fundamental impossibility to trace identity of indistinguishable objects 
in their evolution — some kind of "calculus of indistinguishables" . 

2. Any quantum mechanical problem can be reduced to perm,utations. 

3. Quantum interferences are appearances observable in the invariant subspaces 
of permutation representations — they can be expressed in terms of the 
permutation invariants. 

4. Natural interpretation of quantum amplitudes ( "waves") as vectors of "pop- 
ulation numbers" of underlying entities ( "particles") leads to the rational 
quantum probabilities — in accordance with the frequency interpretation of 
probability for finite sets. 
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The idea of natural quantum amplitudes requires verification. If it is valid, then 
quantum phenomena in different invariant subspaces reveal different manifes- 
tations — visible in different "observational settings" — of a single process of 
permutations of underlying things. One has to interpret the data corresponding 
to different invariant subspaces. For example, the trivial one-dimensional sub- 
representation contained in any permutation representation can be interpreted 
as the "counter of particles": the permutation invariant L^ (n) corresponding 
to this subrepresentation is the total number of particles. Interpretation of data 
in other invariant subspaces requires careful study. 
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